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| SUMMARY »
The average kinetic energy per unit volume required to produce .

breakup of a diverging, hollow conical liquid jet is measured «» a »
function of viscosity, surface tension, and density of the liquid. An
empirical equation relating the energy, called the "critical" energy,
with the 1iquid properties is formulated. The "eritical" energy is also , |
measured as a function of nozzle design features using water as the |
liquid. A model is presented to explain the empirical relationship |
between "oritical" energy and liquid properties. This model for the |
energetics involved in the breakup of the hollow conical jet is tentative.
Some of the assumptions of energy partitioning used in formulating the |
model are being investigated as part of a continuing study in conical
Jet breakup.
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BREAKUP OF A DIVERGING CONICAL JET

| -1, INTRODUCTION

Any complete description of the mechanism of aerosol production by
nozzles should include some accounting of the partition of the energy
initially avallable for the process. In the case of a single-fluid nozzle,
the potential energy of the liquid is converted into kinetic energy in the
closed hydraulic system where energy dissipation also occurs as a result of
viscosity., Noszsles are usually designed so that divergence of streamlines
occurs at the orifice, causing an increase in surface area per unit volume
a8 the liquid flows from the noszle in the atmosphers. Assoclated with

' this increase in surface area is an increase in surface energy of the
liquid at the expense of its kinetic energy. This represents work performed
against a potential gradient and therefore is conservative. The initial
kinetic energy of the liguid will also be expemded in two other ways;

1, Dissipation of kinetic energy will occur within the liquid as
long as any velocity gradients exist there, and this energy will appear as
heat. As long-as velocliy gradients initially set up in the nozzle exist,

.. diwsipation will result. '

'.. 2. An exchange of momentum will take place between the liquid jet and
the surrounding atmosphere, and the loss in kinetic energy of the liquid
will appear in part as air motion and eventually as heat. Since this
llquid-air interaction necessarily takes place at the surface of the liquid,
the reaction of the air on the liquid will also tend to establish or
; maintain gradients in the liquid, causing or prolonging further dissipative
loas,
Droplets comprising an aerosol produced by a single-fluid noszzle are

| formed by the breakup of thin sheets of liquid or rupture of fine filaments
created in the sheet breakup, and if stability of the sheets is maintained,
:no droplets will be formed. Hence, one of the problems involved in the
energetics of droplet production is'the determination of the energy
requirement necessary for sheet instability, and how the energy is expendad
in the process of producing this instability.

This report presents in part the results of some experimental work on
the general problems of the energy requirement for breakup of a hollow
conical Jet. A hollow conical jet was chosen for two reasons. (1) At
least two types of nozzles in use for the production of aerosols produce
diverging hollow conical sheets of liquid, i.e., the impingement-type
nozzle and the swirl-type nozzle. (2) The transition from stability to
instability is easily recognized in the hollow conical jet from its shape.

1
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The action of the Jet can be qualitatively described as follows:

The hollow conical nozzle, shown schematically in cross section in
Figure 1, produces a jet which will emerge from the nozzle at the angle,
8, to the axis. This expanding conical sheet will reach some maximum
diameter consistent with the initdal kinetic energy and physical properties
of the liquid, and then will collapse under influence of surface tension
imto a solid stream, This phase of the nozzle behavior is stable and is
shown schematically in Figure 2, As the initlal kinetic energy is increased,
& point is reached where collapse of the jet does not occur. At this point
the conical sheet becomes discontinucus and surface tension cannot act to
produce contraction of the Jet. The liquid, having reached some maximum
diameter, flows in a disrupted shest parallel to the nozzle axis, 1.e., zero
angle between the jet surface and flow axis, See Figure 3.

This state will be referred to as the "critical state". Likewise,
the initial velecity of the jet at the nozzle and the initial average :
kinetic energy per unit volume for this condition will be termed "eritical
velocity" and,“eritical energy".

As the initial kinetic energy is increased above the critical value,
contirved divergence ol the jet takes place, and breakup of the jet will
oceur closer to the nozzle, as shown in Figure 4.

_ This report will treat the problem of the critieal state and will be
divided into three parts. Part 2 will examine the “critical energy" as a
function of the liquid properties. Part 3 will describe experiments to
determine "critical energy" as a function of nozzle design. Part 4 will
consist of a simplified model for the energetics involved in the breakup .
of the hollow conical jet and will describe a preliminary experiment
conducted to determine the energy partitioning.

2, BFFECT OF LIQUID PROPERTIES ON JET BREAKUP

A serles of experiments was conducted to determine the "critical
energy" for various liquids differing in density, surface tension and
viscosity. To calculate the critical kinetic energy per unit volums,
the flow rate of the nozzle under critical conditions and the annular
area of the conical nozzle normal to streamlines must be known.
"Critical energy" is defined by:

KE= 3 PR (1)

where V.= average velocity of jet as it leaves the nozzle in the
critical state

£ = density of the liquid, assumed constant
KE = Ycritical energy" = average kinetic energy per unit volume,
- and from the equation of continuity, for constant density -
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NOZZLE BEHAVIOR OF JET WITH INCREASES
IN KINETIC ENERGY
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Figure 2, Stable Figure 3. "critical state"
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whare A, = projected nozle area, perpsndicylar to streamlines,
assumed parallel to nozzle walls

Q = volume flow rate

The critical energy may be rewritten

ke -7/ (8 )* )

The annular area, A is calculated from the nozzle geometry. The
experimental nogzle is shown in Figure 5. The nozzle base is coupled
to the upper porion or the nozzle with a 40-N micrometer thread. "QY
rings in the piston portion of the nogzle provided an effective seal.
The nozzle can be adjusted to any predetermined annular area by
advancing the base from the closed nozzle position whers contact is
made between the centrally located rigidly fixed needle and the nozzle
base, The area perpendicular to {low is given by:

AM[(“ L) +R- M]VH"‘ (R W

where H » radius of the base orifice

8 = half angle of the nozzle

VU= h tan ® = annular separation of the nozzle in its set
position

h = yertical nozzle adjustment
The various liquids used in this series of experdments are listed

in Tables I and II. Surface-tension measurements were made statieally
with a Dunoty Tensiometer. Viscosity measurements were made with a

"rotational viscometer. Viscosities of these solutions were independent

of shear rate and therefore classed as Newtonian, All measurements
were made at the time of an experimental run, precluding temperature
effects and effects of aging.

The experimental setup is shown in Figure 6. For a fixed nozzle
setting, the nozzle pressure was adjusted until the critical velocity
for the liquid under test was reached. The volume flow rate of the
nozzle was then measured for the critical, steady-state condition,
Three determinations of flow rate were made for each liquid, and liquid
properties were checkedafter each run to determine the possibility
of contamination, Average deviations for each run were between 1% and

3%.
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Figure 5. Experimental Nozzle
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B
T - nitrogen tank W - timer
R - pressure regulator G - pressure gauge
C - liquid chomber N - nozzle
S - solenoid valve B - liquid sump
L - flood lamp P - comerg

Figure 6. Experimental Arrangement I
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Three noszles were used in this series of wxperiments, each with
& 10-degree half angle and a 0.150" annular diameter at the nozele
axit. Nozzle No. 1 was constructed of brass with & bronze needls.
Nozzle No. 2 was ldentical to nozzle No. 1 in deslgn but was constructed
with & stainless steel base and needle. The reason for this change in
construction was two-fold: (1) to prevent surface corrosion and (2) teo
see if the machinability of the metal used in the nossle construstion
eould affect the nozgle performance. The needlem in nozale No. 1 and
nozsle No. 2 protruded beyond the plane of the nozzle base with the
nozzles in the adjusted position, Nozzle No.@uwas identical with
Nozzle No. 2 except that the needle was shortened, so that there was
no extension beyond the base.

Nozzle 1 and 2 Nozzle 3

Three sets of "critical energy" measuremente were made, one set
with each nozzle, Figure 7 shows results of the first experiment
using nogzle No. 1. A plot is made of "oritlcal energy" versus surface
tension for the elght liquids tested. Therse are two points of interest
about the plot. The “eritical energy" appsars to be an approximately
linear function of surface tension for solutions with the lower
viscosities. As the viscosity increases the "critical energy" values
excead those following the linear relationship. A viecosity effect
is also reflected in the spread of values about the straight line

average,

A second determination of "critical energy" as a function of liquid
properties was made using nozzle 2. An additional number of high-
viscosity solutions were included in the experiment as a check on the
effect of high viscosity noted above. Re~ults of this experiment
corroborated the first. Higher viscosity solutions with the same
surface tension required a higher initial average kinetic energy to
reach the critical state than did the lower viscosity solutions.
Results of this experiment are plotted in Figure 8.
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Figure 8, Critical Energy vs. Surface Tension,
Nozzle 2, Series 2.
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A final set of energy measurements was made using nozzle No, 3,
which has the shortened needle. Hesults for the low-viscosity solutions
were in genersl agreement with those using nozzles 1 and 2. However,
onergy requirement for the "critical state" with higher viscosity
solutions was considerably greater. Results are shown in Figure 9,

The data indicate that the kinetlc energy values plotted against
surface tension might lie on a family of curves, where the parameter
is wviscosity. If the ratio of kinetic energy to surface tension is
plotted against viscosity, a relationship is obtained as shown in
Figure 10 for the data of series 3.

This data can be roughly approximated by two straight-line equations
for two viscosity ranges,

b
ﬁfwﬁ“ﬁw ‘ﬁ'm"j + <

Qe ]
W‘

Dan £ ;Cp (5}

e
‘”‘%f PVe o &, ‘q'm:m ey ¢ v Cp. (6)
w L]

™ = viscosity, centipoises
o~ = surface tension, dynes/cm
C1s €2, kys kp = constants

where” ! - N =5

This indicates that kinetic energy as a function of surface tension
can be expressed by a famlly of straight lines with slopes a function
of viscosity.

-t
LpTe = R no rc 0 from (5)

A |
ﬁ'«‘-“’ ) s e (M

The straight-line relationship in Flgures 7, 8, 9, for an average
viscosity of 2 c.p. is one of a family of straight lines, with
viscosity as the parameter,

The larger critical energy requirement for nozzle No. 3 is
reflected in the valur of Ky, which is higher than that for nozzles
1l and 2. See Figure 14.

Elimation of the free metal surface of the protruding needle
of nozzles 1 and 2 has increased the stability of the jet, since
for a given critical energy value for these nozzles, breakyp has not
yet occurred in nozzle 3. The value of kpy is probably some measure
of the jet stability. ’

L
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Figure 9. Critical Energy vs. Surface Tenslon,

Nozzle 3, Series 3.
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The eritical energy appeared to be independent of the Heynold's Number
for the low-viscosity renge. Reynold's Nuaber was compuled using the
"hydraulic mean depth”, defined as the ratio of area to welted perimeter
of cross section. JIts use is based on the assumption that, for a given
area, the resistance to flow depends upon the amount of lluid in contact
with the surface. For the higheviscosity range, critical energy appeared
to be a decressing function of Reynold's Wumber., The value of the
Reynold's Number in this region dependa strongly on viscosity, and the
apparent dependence of critical energy on Reynold's Number probably reflects
ita dependence on viscosity. Figure 11.

The two stralght-line regions given by equation 5 and 6 may possibly
represent two conditions of jet stability. And the transition between the
two can be characterized by a fixed value for the Neynold's Number. Figure
12 showt the eriticel energy as a function of Reynold's Number. Critical
snergy is independent of Reynold's Nucberrfor.a value of R=>500. Figure 13
is a plot of critical energy versus viscoslty and a discontinuity is found
at a viscosity of approximately 5 cp. Figure 14 shows the empirical plot
of equations {5) and (6) and the transition takes place at n==5 cp, corres-
ponding to a Reynold's Number of =500 as shown by Figure 1L.

The ratio of critical energy to surface tension when plotted against
Reynold's Number gives evidence of a discontinuity at 500« Rg< 600, For
values of R>500, the ratio is independent of R, whereas for R<'500 the
ratio is dependent on R, reflecting the dependence of R on viscosity in
this reglon, See Figure 15, Hence, R=500 may represent the transitlon
between two regions of jet stability and the transition may be from a
gondition of turbulent to laminar flow in the nozule.

Sumary of Fart 2

1, The average kinetic energy per unit volume necessary to produce
breakup of the expanding conical jet is a function of viscosity and surface

tension.

2, The dependence of this "critical energy" on viscosity is probably
dus to three factors: ‘ .

(a) Viscous loss in energy due to velocity gradients in the liquid.

(b) Inherent stability of the jet as a result of type of flow
through the nozzle.

!

(¢) Stability of the jet as a result of the damping of disturbances
which might otherwise have a disrupting effect. Increased
stability would enable more work to be performed both in
storing surface energy and in working against friction.
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3. EFFECT OF SOME ,GPECTS OF NOZZLE DESIGN ON JKT BREAKUP

A series of experiments was performed Lo correlate "critical energy"
with the lollowing conical nozzle design leatures:

1. Hadius of nomale anmulus, H

2, Width of nozsle annulus,y)

4. MNoszle angle, ©

These features are shown in Figure 1.

Two values were chosen for each parameter, resulting in eight different
combinations, This required the mschining of four noztle bases and four

nesdles, and afforded a two-point plot of "eritical energy™ versus a given
design festure, with the rematning two serving as paramsters.

Other apparatus included a Sylvania RA=210 high-epeed flash source
with an approiimate 4-microsecond flash duration, a strabe unit, and a 45°
aluminum sector mounted on a variable-speed motor., This equipment was
used in photographing the conical jets and in determining Jjet velocity .
Distilled water was used as the test liquid.

The experimental srrangement for this series of experiments is shown
schematically in Figure 16. The position of the nouzle was adjusted so
that the point of breakup of the jet in the critical state lay in the
plane of the horizontally mounted aluminum sector. With this adjustment
made, the sector was rotated by the variable-spesd motor and allowed to
chop" the Jet in the critical state at the point of breakup. The angular
velocity of the sector was measured stroboecopically during this sectoring
procésa, and a high-speed flash photograph was taken. Illumination was
triggered by the sector as it passed through the jet. A second photograph

' was made of the jel in the critical state without its being sectored.

Volume fiow rate as a function of pressure was measured for each nozzle,

and the critical volume rate of flow was determined from the photographically
recorded nozzle pressure at the critical state of the jet, '

The critical energy was defined as in Part 2, the area of the nozzle
anrulus perpendicular to the flow being calculated from the nozzle geometry.
Results of critical energy determination as a function of nozzle design
features are plotted in Figure 17. In general, the critical energy
decreased with increased angle, annular width, and annular diameter for
sach nozzle. The dependence of critical energy on angle was more marked
than ite dependence on other design features.
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A measure of the thickness of the conical sheet at point of breakup
was obtained from photographs of the interrupted jets. The velocity of
the Jet was calculated by using the rotational welocity of the rotating
sector and a measurssent of the interrupted jet from the photograph accord- |
ing to:

La o Vi
————
L[
where Vo.w apparent jet welocity emy/sec
b = potational freguency cycles/sec
k- interrupted jet length, cm.
Also, the diameter of the Jet at point of breakup was determined from

the photographs, and from the equation of continuity the apparent
thickness of the conical sheet could be determined.

¥ ‘, ‘
t,. «ﬁﬁﬁf§32177+ (8)

where Q = volume flow rate, mﬁ/ Bec,
d « jet diameter, cm,
t, = apparent jet thickness.

flesults of this determination are plotted in Figure 18. The apparent sheet
thickness decreases with increased angle and increases with increased nozzle

dismeter and annular width for each noszzle. -

The values of the apparent sheet thicknéss were all of the sape order

of magnitude, the average value being 3.49 x 10-3 em § 0,70 x 1077 average
deviation. in the calculation of sheet thickness from the measured jet

velocity, & uniform circular annulus was assumed, which in practice was
not the case, since surface irregularities did exist. Hence, the term
napparent" is used to express the thickness the sheet would have had if

the cross-sectional area had been regular.

The sheet thickness at breakup can be related to the critical energy
by an expression for conservation of energy. 'If one assumes that the
kinetic energy due to the horizontal or radial component of velocity of
the 1iquid per mpit volume at the nogzle is expanded in storing surface
energy and in doing non-conservative work, the following expression can

be written:

-g:p\?a?i...‘e 2 20"(-}\.-‘*.'.’;’} + [Fiw (9)
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| where & = halfl angle of the nozsle
Ty » initial sheet thickness
Ty » fina) sheet thickness
v = initial eritical velocity
@ w gurface tension

[W ¥ = term expressing dissipative loss in energy in horizontal
direction,

There is no term on the right side of equation (9) involving kinetic
energy, since at point of breakup the radial component of welocity ls
goro, Sde below, .

_l@ VAN S
oo
Lﬁ I i *.r;‘, LT
: l\ PMH“' o ‘bm\lwr
b §

From equation (9), an expression can be written which will characterize
each combination of nopzle design leatures. The ratio of the change in
surface energy to the initial kinetic energy available for thls conservative
work will be called "nozzle efficiency”, and will be & measure of the
efficlency of the nogzle in producing a transformation of kinetic energy

to surface energy per unit volume,

ua,(-lwu#:\ o ‘ NJ‘
e, TR ()

2P
E = "nogzle efficlency”

‘ -
;E‘p‘? '5%"0

These "nozzle efficiency" values are plotted in Figure 19. The
dependence on angle is again, as in the case of critical energy, stronger
than the other deaign features.

The dissipative term in Equation (9) affects the nozzle efficiency
and results from:

(1) wvelocity gradients in the sheet

(2) interaction of the sheet with the atmosphere.

Ml L
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Although the velocity gradients in the sheet during the sxpansion of a
the jet to the point of breakup cannot be determined, it 1» reascnable to
suppose that they are some function of the initia) velocity gradiente
sxisting at the nozsle, An &verage value for the velocity gradients in
the nozzle can be estimated where "average value" is defined as thet value
of velooity gradient which ean aceount for the energy loss in the noszle
as the liguid gains kinetic energy. In the nozsle,

PE w KE ¢ Dy (1)
whare PE = potential energy of the liquid per unit volume
KE w kinetic energy as liguid leaves the nozzle

Dy = energy loss, during the transformation from potential to
kinetic energy, due to viscous shear,

The rate of dissipation 3&' energy within a liquid flowing within fixed
boundaries is given Itml

21

L

vhere [ = G xv

(12)

\[ = velooity vector, dv = volume element.
Consequently, the rate of dissipation per unit volume is:
.y |
A = 7;! (S x¥) W
Assuming steady flow parellel to the nomzle axis, then
| ox®] = |40
where r = radius vector. '
Hence, the average rate of dissipation:
b v |
R b
And the average dissipation in the nogzle per unit volume:
— drs |?
Dh=mpt= 7|4

T t (13)

where t = average time for a unit volume to flow through the nozzle,

e




il

30 t: Az W

whnwn,{‘m length of nossle orifice
¥ = average veloeity of ligquid defined by:
TA1 = @
A, = cross-sectional area of nossle
Q = volume flow rate,

Using (11), this average initial welocity gradient could then be calculated
for sach noszle: «

. ‘v‘*
(f-5rT)F (m &
* T

where P = gage pressure in dynw/amz in the liquid reservoir at the
noszle entrance,

Critical energy and dissipated energy in the free jet are an im:rwuimig
function of this average initial velocity gradient. Curves are drawn in
Figure 20 as linear approximations. Assuming linearity, it follows:

Duck KB+ C | (15)
D » dissipated energy '
KE = critical energy
Gy w constants
A plot of dissipated energy versus critical energy indicates ¢ = 0, and

the dissipated energy is an spproximately linear fumetion of the critical
energy., See Figure 21,

Rewriting (15): ijJ» = o = f "

where o = 0,040 ¢ 0.016 average deviation

The average nozzle efficlency can be written:

Ez I- 24 15° £ @£ 30° (16)

This shows that the average nozzle efficiency for the jet in the critical
state is a function of & alone for this range of © since R is independent
of 6, Two values of E calculated by (16) agree with the average value

of the efficiencies of all nozzles with the same nozzle angle 6.
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~ The fluetuation of the efficiencies about the sverage for a given angle
| are reflected in the spread of the valus o< , This spread may be due
‘ | to the vardation in veloeity gradiemt for a given angle, The individual
" officiencies seem Lo decresse with an inorease in both initial average
velocity gradient and initial average velooity, These latter two
quantities are of course not independent of each other. Ses Figure 22,
Nozsle efficiency as & fumetion of angle can be considered from two pointa
of view, Por two nozsles with different angles but oqual annular diameter
and annular width, the initial energy available for work in the direction
normal to the nosxle axis under oritical conditions is of the same order
of rma.mum The total kinetic energy, however, varies inversely as
sin"0, Since the energy dissipated is directly proportional to the total
| kinstic energy, the efficiencies of the two nousles differ, due to the
| Ineressed mmm:m dissipation, i.e,
-l o, " o e
.gkarg\rr S B = .,g: PV S @MM»“:\* 4 = constant

Eeim [Eb L [Fedx

Or, secondly, if the annular width could be varisd in such a way as to
Emdm the same critical energy for two different angle values s then

he dissipation would be fixed and the increased efficiency for the nozzle
| with the larger angle would reflect the greater avallability for work in

N | storing surface energy, Hence, the actual stored surface energy ie
‘ | izurmaﬁd 89 well as the efficiency of the process involved in its
‘ storage.

L —
SO S
,.g:/:!!‘ > = B B = constant

SE = surface energy

B S0 : SE 4D

D =ﬁ-'nJ)c = constant
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and the difference in surface energy for the two nossles, ASE, is given

by ‘ .1
A%l = “l \{ g&un“w L. mmumﬂh ml\v %

| . Reynold's Nusbers for the elght noszle combinations varied from 564
to 2594, and there was no apparent correlation batween Rgand the various
moasured values,

Wl

An empirical e amination was made of the total efficiency of each
nozale, defined as the ratio of surfave energy per unit volume at point
of breakup to the initial potential energy per unit volume in the nozzle,
i.e., the pressure

¥/,

E‘M - IP

where Ey = total efficiency

Ty » apparent sheet thickness at breakup

o = gurface tension

I P = pressure in dynes/cm® in the nozzle at the critical state

This empirical treatment shows that E, 3 4 Swle 2 if) a4,

for all noszles. Values of Et were: | » f

.1
By 0z .08 ¢ 15%

| Svwmary of Part 3

(1) The average kinetic energy, defined by 4. P .‘7‘" s where v = ¥
Q = volume flow rate, AL = cross-sectional area of nozzle perpendicular to
. flow, necessary to produce breakup of an expanding conical jet of water,
was measured for eight hollow conical nozzles differing in annular width,
annular diameter and angle, With any two of these design features as
parameters, this "eritical energy" was a decreasing function of the third
nozzle dimension.
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(2) The apparent sheet thickness, based on wwniform sheet cross-
seotion, was measured by a velocity determination of the Jet st point of
breakup, This was found to vary slightly with the various deslgn
features, decreasing with angle and increasing with diameter and anmular
width, Average thickness for all the jets was 3.49 x 10~ em 4 208,

(3) The energy dissipated in transforming kinetic energy into
surface energy and the critical energy were both increasing functions of
the average initial velocity gradient. The ratio of these two energies

was & constant for all nozeles within L0, The average "nozsle efficiency",

for a given angle value, agreed within 8% of the value calculated using
the constant "Noszle efficlency™ 1s defined as the ratio of the change in
surface energy of the jet per unit volume as it expanded to the point of
breakup to the kinetic energy due to the initial radial component. of
velocity,

(4) Por a given angle, there was a spread in values of nossle
efficiency. In general, nozulé efficiencles increased with angle and
annvlar width, the dependence on the former being dominant,

(5) There was indication of a correlation between nogzle sfficiency
and both average initial velocity gradient and critical velocity, This
could explain the spread of values about the average value for a given
noszle angle.

(6) The total efficiency of each nozzle, defined as the ratio of
surface energy per unit volume at breakup to the potential energy per

unit volume in the nozzle, i.e., the pressure, could be expressed empirically

by
- 2
Ep= 55w 8

where & = nozzle half angle for the
15° €0 € 30° range

L. A SIMP

LIFIED MODEL FOR THE ENERGETICS INVOLVED
IN THE {UP Q) LN ‘

There is much work in the literature on liquid jet phenomena both
of experimental and theoretical nature. Investigations date back to
the latter half of the 19th Century when such workers as Rayleigh,
Plateau, Savart and others considered t27 problem of instability of a
#0.id jet. In Rayleigh's classic paper instability is discussed from two
points of view. The first approach considers the disintegration of an
infinite cylinder as a result of initial surface disturbances building
up under influence of surface tension and disrupting the mass in such a
way as to decrease the original surface area. The other point of view
is concerned with instability of a jet in a frictionless fluid medium,

1/ See Bibliography
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Dynamic reaction of the air surrounding a solid jet was investigated
by Weber/s% who found that air friction decreased the wave %mmabh of
oscillations and shortened the breakup distance. Castleman’ cites air
reaction as the primary cavse for atomjzation in solld injection work,
and experiments conducted by D. W. Lee” on fuel jets showed that increased
atmospherie pressure increased the disrupticn of a jet.

It would appear that the dynamics of jet action involve surface
tension, viscosity, and reaction of the atmosphere surrounding the jet,
and any investipation of jets, such as stability, kinematic analysis,
or energy measurements should take into consideration these factors,

The hollew conical jet in discussed by several authors, Hmdakimmunv
has made a theorstical analysis of the shape of a conlcal jet as controlled
by surface tension. Effects of viscosity and any atmospheric reaction
were not taken into account., The justification for neglecting air
resistance was a low Jet velocity. He found, for low jet velocities,
that the theoretical shape of the jet agreed reasonably well with that
obtained experimentally for water. F. H. Garner, A. H. Nissan, G. F, - .,
Wood® used the conical jet to measure the smallest initial value of kinetic
energy necessary to shatter a jet. This energy they termed "rupiture
ttrength®, and found its value to be a linear function of surface tension.
It was found to be independent of viscosity and Reynold's Number.

In the present discussion, an attempt is made to develop a simplified
model for the energetics involved in the breskup of an expanding conical
Jet. The effects of viscosity and atmospheric reaction will be included
in the model, since theory and experimental work indicate the influence
of these factors on Jet action.

A diverging, hollow conical sheet of liquid issuing from an annular
orifice will possess energy in three forms. It will have potential energy
with respect to some reference plane in the gravitational [ield, it will
possess surface energy, and finally it will have kinetic energy, all of
which can be expressed in terms of a unii volume, The subsequent dynamics
of the Jet will depend on the way the various energy components are
partitioned and the nature of the forces acting in the system. The
"system" is comprised of the liquid Jet and the surrounding medium into
which the jet issues. In this discussion, the medium is air at atmospheric
pressure. Stored energy due to shear stress, such as may be present in
visco-elastic systems, will be neglected.

At the orifice of a diverging conical nozzle where the effects of
hydrostatic pressure of the closed hydraulic system are mero, there are
four forces acting in the liquid-air system:

1. Surface tension forces,
2. Gravitational forces,

3. Frictional resistance of the air parallel to the motion of the
Jet surface,

Dl
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ZFW“ L. Frictional forces in the jet itself due to the viscosity of the
liquid and any velocity gradients present.

The space integrale of these forces will determine the nature of the change
in the partitioning of the initial energy of the system.

The initial energy per unit volume of liquid at the orifice is
partitioned in the following way:

1. Burface energy:
Al ga AL

> (1
where 8 = surface energy per unit volume,
| il ¢*w gurface tension of moving murface,
T, = initial film thickness

This is true for an adiabatic process., For an isothermal process, an
additional term in total surface energy is required to account for heat

transfer, i.e.,
- i
Spz ™ Te VT Reference (9)

where I » absolute Lemperature.

Adiabatic conditions will be assumed in this discussion.

2. Kinetic energy:
- v ﬁ“"‘
“®:1f (2)

where Vs = initial average liquid velocity.

W P = liquid density.
L 3. Gravitational potential:
G:pah
whered = gravitational constant.
W= height above an arbitrary reference plane.

The energy per unit volume at any point in the jet in the steady state
will be a function of the initial energy and space integrals of force
acting during the time an element of jet has been in motion. If the
energy per unit volume of the jJet can be measured at any subsequent time
| after the volume element has left the nozzle, then something of the

| nature of the forces at work in the system can be deduced.

i




3%

The final energy per unit wolume of the Jot, taken at the point of
breakup for the jet in the “eritical state", consists of two terms, if
the reference plane for the gravitational potential is at the point of
breakup. These terms are:

1. Burfave Bnergy:

Spe AT (3)

where T = final film thickness.

2, Kinetic energy:

kg P
Brien (4)

whwmmﬁ%nw final average jet veloclty.
The difference between the sums of initial and final

dissipation per unit volume ol the jet as it
the point of breakup, This dissipation

energles constitutes
expands from the nogzle to
can be separated into two terms;
1. Dissipation in the liquid as a result of velocity gradients.,

A precise evaluation of this term would require knowledge of
velocity gradients as a function of spacial coordinates and time and a
knowledge of the boundary conditions in the free jet. Since this knowledge
is lacking, an admittedly over-simplified but perhaps useful model will
enable the dissipation to be discussed in an smpirical way using gross
averages. Assume that the velocity gradients, initially present in the
liquid sheet or set up and maintained by the interaction of the sheet and
the atmosphere, are entirely confined to a boundary layer on the external
surface of the sheet. The inner layer of the sheet., whose thickness 1s

large compared to the boundary layer, will have a flat velocity profile.
The boundary layer will have a linear velocity profile. See Figure 23,
‘ n.lum”-lmf
~
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Figure 23
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' dv
The velocity gradient set up in the boundary layer , dr, 4 due to
& drag force acting on the outside sheet surface by the atmosphere and the
relative sheet-atmosphere velooity. Call this average force over the
entire length of the jet acling on a unit area, 7,

Then

—

Fram Uy & (5)

But this force reacts on the jJet body tending to retard its motion, and
the loss in kinetic energy of the jet body will éppear as dlesipstion by
the production of hest in the boundary layer. Hence s the dissipation per
unit volume of jet, D, during the jet motion from the noszle to the point
of instability, is given by the space integral of this force per unit
volume over the distance ,‘f N

Daffroadl ﬂ: L (6)
200 F 1L
where T « average sheet thickness independent of 1 ,

D 7 ( df-] L (7)

T
Using equation (13), Part 3, another expression for the dissipation per
unit volume can be written in terms of the average velocity of the jet
body, ¥, over the length, i .

= (‘E)k‘é” (8)

Equating this to equation (7)

Hence




1 ,

| 2. Kinetlc energy lmparted to air by interaction with a unit volums
[ of jot, wa,.

Equating ini’ial energy and final energy of the jet per unit volume at
point of breakup givews: v

- - ‘ A \
1= #pwu + W* r%,k ""“‘“i‘f‘f' o+ &1{5 I i—""'-" = ™ WI./MWMM (10)

The work performed by the jet on the alr, W, 18 given by:

s FEAL S [fandty Jo it o

This equals the dissipation in the jet, as expressed in equation (6) and
the kinetic energy imparted to the air equals the dissipation in the jet.

The average velocity gradient in the jet is a function of the velocity
gradient initially present in the jet as it leaves.the nozzle and the
5 gradients set up in the jet as a result of the outside Jet layers inter-
acting with the atmosphere. If a velocity gradient exists in the Jet ine
itially, and the cutside jet layer has zero intial velocity, then the force
tending to accelerate the slower moving jet layer, F, 1s given by

Tﬁ - ﬁi) Mn“.

This force will be initially unopposed since the reaction of the air on
the jet results from the jet-air relative velocity. As the outside layer
gains in welocity, it will experiemce a retarding force because of its
interaction with the air, and this force will tend to retard the decrease
in the velocity gradient initially present in the jet.

L . Hence,

c.le w dC aan J0dL
[RAL < [[nd 2)
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since some energy la dissipated in the jet while thg outside layer is being

accelerated to the point where{ is established, %‘ having been delined
as that value of veloeity gradient necessgry to account for the total energy
dissipation in the jet. In other words, 4 alone does not account for this

average velocity gradient, but the latter is also a function of the initiasl

valoclty gradient .

To simplify the treatment, equation (11) will be assumed, since
ostimation of the degree of inequality has not as yet besn made.

Hence, equation (11) expressed in terms of a unit wolume of liquid equals
(1), and (10) may be rewritten:

fpRYC R abpATeAl Ly ig L

3 (13)
where gravity is neglected.
Rearranging,
LpRT_ [ dic M(ﬁ‘"*a(xM«B

The empirical equation reported in Part 2 relating the eritlcal
energy with viscosity and surface tension may be compared with (13),
Bor a viscosity range of cem&foupy 4t was of form:

L o T
AAEERL LS (15)

\w‘
Fur‘a viscosity range & &% ¢ 44 €

-
N ST Y (16)

w

where Ky, ko, ¢1, ¢p are constants,

and %' =M -5. c.p.

Rewrite equation {13)
- .

M:Kh“'h

where

¢ -2
KE -’-‘-%—-j‘f amd A:-.'".:p\f‘.f,,__:(-l-—-l

9
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Assuming K, A are independent of viscosity for each viscomity range, then

| | K w Kk
M 1 F"‘“W sem «f
Aoy |
K=k
2 | $W»Wﬂﬂm#f (18)
ﬁu%‘\‘, - G‘w

A single experiment has been performed to check this relationship, Two
lquids were used for the two viscosity ranges. The firet was a 10%
ethyl alcohol and water solution with a viscosity of 2 ¢p and a surface
tension of 52 dynes/cm. The second solution, 50% sucrose and water, had
a viscosity of 10 cp and a surface tenaion of 63.0 dynes/cm. The two
Jets were photographed from the subcritical up through the critical stage.
In the subcritical velocity region the expanding conigal jet reaches a
maximum diameter consistent with the initial kinetic energy, and then is
contracted to a solid stream with circular cross-section.

By using the equation of continuity, the average velocity at the
point of contraction can be calewlated from a méasurement of the cross-
sectional area, The distance the jet travels prior to the point of
collapse is also measured. An expression can be written for the average
force per unit volume acting on the jet.

::~ F,oa [fFo-p®) @ (19)

where Lw“w drag per unit volume
Ve

)

" Jl measured distance along jet to point of contraction from
| nozzle.

initial velocity

velocity at point of contraction

#

i

#

average velocity over the distance, .

In order to calculate f , a value of * must be known,

It was assumed that the instantaneous force per unit volume acting on the
P Jet was related to the instantaneous velocity by the following equation:

| f=-8¢" (20)

|
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whers {- = instantaneous force per unit volume, '

W = instantaneous velocity,
B = factor of proportionality, assumed constant.

Integration and rearrangement give: .

wa O ﬂ where t = time

gty P
‘ ot - L 2 = density of liquid
L: £ n[pront]- L

F = [pW i H P M(f%:_m“ -p%e L«f’ ] v (21)
rup -vp

iu ﬁ—h[ﬁ*m‘%(ﬂwﬁﬂ]”é‘“f’ (22)

Using (21), fair consistency in the measured value of B8 for the jets having
various initial velocities in the subcritical region justified the assumpt.ion
of Equation (19). This argument was applied to the jets in the eritical
reglon, and the drag was calculated using (18), Using this value of force
of interaction between the 9&1:. and the air, the dissipation was then
caleulated according to (11) and (7).

s 0L, a2t te ‘
2f fr L %-}Eq (23)

A in (16) is known from the final velocity and the diameter of the jet at
point of breakup.

W& "'ﬂ*a T" = Q (2‘0)
where Q = volume flow rate,

d = jet diameter at point of breakup,

\q_- velocity of jet at breakup,

Hence, the constants K and A in (17) can be calculated and compared with
their empirical counterparts reported in Part 2.
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Caleulated Emplrical
Bthanol
X .00 x 0" ky 0.4 x20°
A 03 x4 e 1.3x10k
ﬂumr&mw
K .00 x 104 k, 1.1 x 0%

M5k 6.5 x 10%
A L5 x 104 ¢; 3.3 x10%

Another method of computing the energetics involved in the breskup
of the condcal Jet involves the hordzontal component of motion, x axis

A
(A
%

Figure 34,

L]

The jet emerges from the noszle at the nozzle angle, 8, The surface
tension opposes the horizontal motion, decreasing the x component of
welocity and @, At the point of breakup in the "oritical state" the
horizontal velocity is zero and the Jet flows parallel to the = axis,

"At this point in the jet motion, the kinetic energy due to the initial

component of velocity along x has been expended in storing surface
energy and in doing diasipative work. There is no residual kinetic
energy term for this component.

The x component of diaaipation may be written from (22)
[. 21.5'—)
1["'1"“7‘( Y Ja;v,, (24)

where #ﬂ = average drag component along x,

1Q(&£)3 = portion of total dissipated energy due to x component of
r ) motion.
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1 The integration is over the total horisontal distance travelsd by a unit
| volume of jet, 1.e., 4.3, in Plgure 23.
The jet surface will make some average angle, 8, with the jet axis such
1 ' Lhat:
1 fy & O @ (26)
* The snergy equation for this component ia
i - \
| LpR'Sate, « U0« 2T, [244r), (27)
. “‘1"" m‘m‘ “ T JW Iy
Hence, an squation for the horizontal component analogous to Equation

(13) nmay be written in form
R ' @ JUN - R C

) * (]
[ [
where @, » initial jet angle, i.e., nozzle half angle.

» w2 [0 sy a (i AR
1 | o i
‘; ds A
| Let \ ’
i }:n L L dr X
[
s afd -t
| Az 2 ( ™"
| Rewriting (27)
1 -t b
Bl LPRS A K, HA, (29)
| r "
; The empirical data of Part 2 can be plotted in terms of the initial kinetic "
* energy due to the component of velocity. For a viscosity of
i oem €5 cp, the empirical equation is of form:
‘}\lh %. f\m S~ "8 = nw" "‘”C\T
!‘r —
| For a viscosity range ¢ n £45 c¢p
|
Wl T \:‘. b /
J‘i'h'-? 6+ 2 R0 +Cyy
r

| §Q!
|
|
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where, s before,

Cv ), Gy, Sy ) Saw are constants

and 'q’m XY o

Agaln, as in the total energy relationship, assuming K, and A, are
Independent of viscosity for a given viscosity range,

Ky » Q¥ } o cam g smep

ApaC,y

and

A ETE . e
“y%wwyhc‘h*g 'p“

® in (26) can be approximated geometrically. The jet will have a shape
similar to that in Figure 25,

—

such that Tan § = Mo/
where R, = ritical radius

L = distance to point of breakup from the nozzle along the jet
axis.

8% 9/ for both the ethanol and sucrose Jets,

Using this value of ‘5-, the average horizontal drag force can be calculated
from (26), and k, , Py may be computed and compared with the empirical
values.




I

‘ W

il

model. and the experiment performed to measure the energy dissipation.

“in the jet in computing the jet-air interaction introduces an error

Galeulated Empirical

Ethanol
ke 1,85 x 10° ke 1.43 x 102
A .96 x10° ox 3.5 x 102
Sucrose
K 2.10 x 10° kpy 28 x10°
A 1.30 x 107 '"
AgSE, 11,80 x 10° o 105 x10°

Discusaion and Summary of Part 4.

There is "order of magnitude" agreement between the empirically
determined quantities and calculated results based on the simplified

The error involved in the simplifylng assumptions used in developing
the model and in making the calculations cannot be estimated without
further work. For example, neglecting the initial velocity gradient

which might be capable of evaluation if a series of tests was performed

at sub-atmospheric pressures. Qualitatively, neglecting the initial
velocity gradients would have a tendency to increase K and K, over their
true value, and this effect should be more pronounced for the lower
viscosity solutions, A second assumption that K and A are independent

of viscosity in the two viscoeity ranges again requires further experimental
work for its werification. From these preliminary results, it appears

that this assumption is better justified Iin the case of the sucrose

solution than for the ethanol solution in the low viscosity range.
Qualtitatively this is reascnable. The empirical straight-line relation-
ships (15) and (16) were approximations to a continuous function over

the entire viscosity range, of general form. "

lp&mt :Q'H L
i -
where K = ¥ (9 )

¢ = constant,

The transition reglon between the two straight-line relationships, where

k is approximately constant, involves a change in slope with viscosity,
had a maximum value fairly well defined at »=4 cp. The

accuracy of the data did not, however, preclude a slight variation in k
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with w for lower viscosity values. The sucross solution falls on that
region of the curve where the slope was less sensitive to a change in |
viscosity.

The absolute energy balance for both the ethanol and susrose
solutions using the total energy equation (13) was high on the "work
done" side by 60K, The lack of sgreement between the initial and final
energy values is probably due in part to ignoring the effect of initial
velocity gradient on the drag, thus increasing the value of the dissipation.
term, Using the x - component equation (27) the balance is better, being
17% and 7¥ for ethanol and sucrose respectively. Here, the excess energy
appears on the "initisl" side of the equation., An explanation for this
reversal in error trend over the total energy equation probably lies in the
evaluation of the surlace energy at point of breakup. This energy is
ingignificant in the total energy balance where residual kinetic energy
and dissipation terms are larger by a factor of 100, For the x - component
balance it becomes significant,

The surface energy was calculated on the assumption of a uniform
annular cross section at the breakup point of the jJet. This assumption
is more Justifiable in the case of the higher viscosity sucrose jet than
for ethanol, where syrface irregularities are more pronounced. The
surface energy per unit volume at the peint of breakup is given by:

17

where 9" = surface tension,
To = jet sheet thickness, assumed uniform.
T was calculated from the equation of continuity and the surface energy

computed from this "apparent" thickness. The values for ethancl and
sucrose are given below:

Apparent Initial

thickness thickness
Ethanol  23.0 x 10~ cm. 22,0 x 10~ en.
Sucrose 14,7 x 1073 22,0 x 10~3

The apparent thickness of the ethanol jet indicates a decrease in surface
energy per unit volume as the jet expands. This is not physically
reasonabla, An "effective" thickness can be calculated, using equation
(26) which would afford a better approximation of the stored surface
energy, i.e., better indicate the increased surface area per unit

volume.
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These values are found to be:

Bthanol me%
Bffeative thickness 9,9 x 103 em, o1 x 1077 em,

The values obtained for the partitioning of energy in the two jets
are given in Table III.

TABLE I1I
Solution Total Energy A~Component.
WApparent

Ethanol "Effective To" T "

Initial Kinetic Energy  0.817 x a.af’ mmu/ma 23,700 23,700

Residual Kinetic Energy 0.163 x ‘1.06‘ 0 0

Dissipated Energy 1,120 x :w‘f’ 17,500 17,900

Final Surface Energy 10,527 10,527 Ly 900

Increave in Surface Energy 5,780 5,800 =200
Sucrose

Initial Kinetic Energy  4.823 x 100 ergs/ca® 140,000 140,000

Residual Kinetic Energy  0.740 x 106 0 0

Dissipated Energy 6.760 x 206 125,200 125,200

Final Surface Energy 20,527 20,527 8,600

Increasc in Surface Energy 8,300 14,800 3,500

“"“"l'h
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Several a priori hypotheses were suggested in Part 2 to explaln the
dependence of the "eritical energy" on viscosity,

1. Increased jet stability induced by an increase in the viscosity
of the liquid, allowing more work to be done in storing surface
energy and againat frictionsl forces,

2, Increased dissipation as & result of increased visoosity.

The data in Table III indlcate that both these effects exist. The
greater increase in surface energy of the highwr viscosity sucrose solution
results from a smaller sheet thickness of the jet at breakup since the
surface tensions of the two liquids are approximately equal. And secondly,
the dissipation of energy in the two jets is approximately proportional to
the respective viscosities. Using the "sffective thickness" values, 75%
of the initial energy available for work in etoring surface onergy is
expended in overcoming dissipative loss in the case of the ethanol Jat,
and 88% is similarly expended by the sucrose jet,

The "noszle efficiencies", defined as the ratio of the increase in
surface energy to the initial kinetic energy available for the increase,
are:

Bthanol 24.4%

Sucrose 10.5%

On the basls of efficiency, the relative gain in stored surface energy
effected by increasing the viscosity of the liquid is counteracted by a
greater energy dissipation,

"
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GLOBSARY OF SYHBOLS

Liquid density

eritioal liguid velocity

1igquid surface tension

1iquid viscosity

Jot thickness

nozsle orifice cross sectional area normal to stream-lines

noszle efficiency, equals ratio of change in surface energy
to initial KB available for conservative work

total nozzle efficiency, equals ratio of surface energy/unit
volume at breakup to initisl potential energy/vol. in novzle

absolute temperature

average velocity gradient in liquid

average sheet thickness over jet length

drag force on sheet surface by interaction with atmosphere
average force exerted on outside jet layer by inner jet
average initial jet velocity

average final jet velocity

average force retarding jets motion perpendicular to jet axis
length of jet

element of jJet length

radius of annular orifice

arnular width of orifice

nozzle half angle

volume flow rate through nozzle
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dissipated energy in free jet

diameter of free jet

initial kinetic emergy per unit volume

surface energy per umym volume

total surface energy under isobhermal conditions

enorgy exchanged to atmosphers by the free jet
potential energy per unit volume mf 1iqm1a at stagnatlon
point in nosple

snergy dissipated per unit volums 1h'bhm nouezle

free jet

average velocity of the jet over the jet length

kinetic energy imparted to the air by a unit volums of the
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